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Multilinear Holder-type inequalities on Lorentz 
sequence spaces 

Daniel Carando * Veronica Dimant "^ Pablo Sevilla-Peris ^ 



Abstract 

We establish Holder type inequalities for Lorentz sequence spaces 

and their duals. In order to achieve these and some related inequalities, 

we study diagonal multilinear forms in general sequence spaces, and 

op , obtain estimates for their norms. We also consider norms of multilinear 

forms in different Banach multilinear ideals. 



1 Introduction 

Given a sequence a G ioo, the generalized Holder's inequality affirms that, 
3 ' for 1 < p < n, there exists a constant C > such that for every xi, . . . ,Xn G 



< C'll^^llkp--- Iknll^p- (1) 



oo 

y a{k)xi{k) ■ ■ ■ Xn{k) 
fc=i 
On the other hand, if n < p < oo, again Holder's inequality gives that ([1]) 
^T) . holds if and only if a G ^p/tp-n)- Moreover, it can be shown that the best 

'nI" ' constant C in (fTl) is in each case ||a||/'_ and \\a\\f ,, >. A natural question 

C^ ' now is if inequalities analogous to ([T]) can be found in other Banach sequence 

spaces (see below for definitions). More precisely, given E a Banach sequence 
f~^ I space, under what conditions on a G ioo there exists C > such that for 

every xi, . . . ,Xn & E the following holds 



y a{k)xi{k) ■ ■ ■ Xn{k) 



k=l 



<C\\xi\\E---\\Xn\\E'^ (2) 
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Our aim in this paper is to analyze the situation when E is a Lorentz space 
d{w,p) or a dual of a Lorentz space d{w,p)* . Then our two main results are 

Theorem 1.1. Let a € loo o-nd E = d{w,p), then 

(a) If n <p, then ([2|) holds if and only if a a d{w,p/n)* . 

(h) If n > p, then ([2]) holds if and only if a ^ nui,, where mq, is the 

Marcinkiewicz space associated with "^{N) = [J2k=i'^(^)l ■ ^/ ^^ 
addition w is n/{n — p) -regular, then we can change m^ by ioo- 

The best constant is \\oi\\M^„/n)* in case (a) and ||a||m^ in case (b). 

Theorem 1.2. Let a € loo cind E = d{w,p)* , then 

(a) If n' < p, then ^ holds if and only if a ^ loo- 

(b) If n' > p> 1, then ^ holds if and only if a € d{w"'~p , 

(c) If p = 1, then ([2]) holds if and only if a & d{w''^, 1). 



p'—n' 



The best constant in each case is the norm of a in the corresponding space. 

Our approach to this question is to study multilinear forms on the cor- 
responding sequence spaces. Inequality ^ can be read as the continuity of 
the diagonal multilinear form on E with coefficients (a(/c))fc. This way to 
look at Holder inequalities is crucial to our proofs of Theorems 11.11 and 11.21 
Moreover, it motivates us to pose an analogous question in a more general 
framework: if 21 is a Banach ideal of multilinear mappings and S is a Ba- 
nach sequence space, under what conditions on a € £oo does the diagonal 
multilinear form with coefficients {a{k))k belong to ^{^E)7 As a direct ap- 
plication of our results in this general framework, we consider nuclear and 
integral multilinear forms on Lorentz and dual of Lorentz spaces. 

The article is organized as follows. In Section 2 we introduce notation, 
definitions and some general results. Sections 3 and 4 are devoted to the 
proofs of Theorems 11.11 and II. 2[ In Section 5 we broaden the object of our 
study, considering diagonal multilinear forms belonging to different ideals 
defined on general sequence spaces. Combining this with the results of 
the previous sections we characterize the diagonal integral (and nuclear) 
multilinear forms on Lorentz sequence spaces and their duals. 

2 Preliminaries 

All through the paper we will use standard notation of the Banach space 
theory. We will consider complex Banach spaces E,F, . . . and its duals will 
be denoted by E*, F*, . . .. Sequences of complex numbers will be denoted 



by X = (a;(/c))^]^, where each x{k) e C. By a Banach sequence space we 
will mean a Banach space E CI C^ of sequences in C such that li CI E Q i^o 
satisfying that if x G C and y £ E are such that |x(fe)| < \y{k)\ for all 
A; € N then x € E and ||j;|| < ||y||. For each element in a Banach sequence 
space X & E its decreasing rearrangement {x*{k))'^^^ is given by 

x*{k) := inf{ sup \x{j)\ : J C N , card(J) < k}. 

ieN\j 

A Banach sequence space E is called symmetric if ||(x(A;))fc||_E = ||(a^*(fe))fc||_B 
for every x € E. For each A^ € N we consider the A^-dimensional trunca- 
tion En- := spanjei, . . . , ejy} and we denote by Eq the space of sequences 
in E that are all except for a finite number of coordinates. The canon- 
ical inclusion ij\/ : En '^-> E and projection ttat : E —i- En are defined by 



\N 



iNiixmLi) = (^(l)> • • • > ^(^)> 0, 0, . . . ) and vr^((x(fc))- ,) = ix{k))i^,. 
Given two Banach spaces, we will write E = F if they are topologically 
isomorphic and E = F if they are isometrically isomorphic. 



The Kothe dual of a Banach sequence space E is defined as 
E"" := {z G C^: ^ \z{j)x{j)\ < oo for all x G E}. 

This can be considered even if E is not normed. If E is quasi- normed, E^ 
with the norm 

\\z\\ex '■= sup ^\z{j)x{j)\ 



Me<1 



Ji 



is a Banach sequence space. It is easily seen that z G E^ if and only if 
X^jgN -^(i)^(i) is finite for all x G .B and that 



\ex = sup \^z{j)x{j) 

Me<1 jgN 



Also, E^ is symmetric whenever E is symmetric. Note that (E^)* = {E^)j\f 
holds for every A^. 



Following [191 l-d], a Banach sequence space E is said to be r-convex 
(with 1 < r < oo) if there exists a constant k > such that for any choice 
xi, . . . , Xm € E we have 



in 



l/r 



i=i 



k=l 



£" E 



i=i 






3\\E 



l/r 



On the other hand, E is s-concave (with 1 < s < cxd) if there is a constant 
K > such that 



m -. l/s 





for all xi,... ,Xm ^ E. We denote by M('')(i?) and M^s){E) the smahest 
constants in each inequahty. Recah that E is r-convex (s-concave) if and 
only if E^ is r'-concave (s'-convex), where r' and s' are the conjugates of r 
and s respectively (see |191 l.d.4]). Moreover, we have M^^'{E) = M(^j.i\{E^) 
{Mig\{E) = M^* (E^) ). If i? is r-convex for some r or s-concave for some 
s, then we say that E has non-trivial convexity or non-trivial concavity. 

Following standard notation, given a symmetric Banach sequence space 
E we consider the fundamental function of E: 



XE{N):=\\Y,ek 



N 

Cfcil 
E 



k=l 

for N eN. For a detailed study and general facts of Banach sequence space, 
see [THKiaES]. 

Remark 2.1. With this notation we can give a first positive answer to our 
question. If ii^ is n-concave, then a satisfies ([2]) if and only if a G ioo- Indeed, 
it is easily seen that being n-concave implies E ^^ in (given x (^ E, just 
take Xk = x{k)ek S E and apply the definition of concavity). This and ([T]) 
immediately give that ^ holds for any a G d-oo- 

The space of continuous linear operators between two Banach spaces 
E, F will be denoted ^{E] F) and the space of continuous n-linear mappings 
Eix ■■■ X En^ F hy ^{Ei, ...,En; F); with the norm 

||r|| := sup{||r(2;i, . . .,Xn)\\F- \\xi\\E, <l, i = l,...n} 

this is a Banach space. If £^1 = • • • = En = E we will write ^{^E; F) and 
whenever F = C we will simply write ^{Ei, . . . , En) or ^{^E). 

A mapping P : E ^> F is a, continuous n-homogeneous polynomial if 
there exists an n-linear mapping T E ££(^E\ F) such that P{x) = T{x, . . . ,x) 
for every x & E. The space of all continuous n-homogeneous polynomials 
from E to F is denoted by 3^(J^E]F)] endowed with the norm |[P|| = 
sup||^.||<i ||P(x)|| this is a Banach space. If P is an n-homogeneous polyno- 
mial and T is the associated symmetric n-linear mapping, then the polar- 
ization formula gives (see [SI Proposition 1.8]) 

n^ 

lli^ll < ||r|| < — ||P||. (3) 

n! 



A general study of the theory of polynomials on Banach spaces can be found 
in [8]. 

Ideals of multilinear forms were introduced in [21j. Let us recall the 
definition. An ideal of multilinear forms 21 is a subclass of J£ ^ the class of 
all multilinear forms such that, for any Banach spaces -Bi, . . . , En the set 

21(^1,..., ^„) = 2tn^(^i,...,^„) 

satisfies 

1. For any 71 G i?^, . . . , 7„ G £■* , the mapping 

(a;i,...,rE„) ^ 7i(xi) • • • 7„(x„) 
belongs to 2l(£'i, . . . , -En). 

2. If 5, T G 2l(-Ei, ...,En), then 5 + T G 2l(-Ei, . . . , S„). 

3. If T G %{Ex, .••,En) and Si G ^{Fi, Ei) for i = 1, . . . , n, then T o 
(5i,...5„)G2l(Fi,...,F„). 

An ideal of multilinear forms is called normed if for each Ei, . . . , En there 
is a norm || ■ \\'qi(Ei,...,e„) iii 2l(£'i, . . . ,En) such that 

1. ||(2;i,...,x„) ^7i(3;i)---7n(2;n)||2i(i=;i,. ..,£;„) = Il7i||--- Il7n||- 

2. llTo (S'i,...5„)||2t{Fi,...,F„) < l|r||2i(£i,. ..,£;„) ■ ll'S'ill • •• ll-Snll. 

Analogously ideals of homogeneous polynomials were defined and studied in 
O \TU[ \TT\ [T2] . However [11] shows that a polynomial is in a normed ideal of 
polynomials if and only if its associated multilinear mapping is in some ideal 
of multilinear forms. Hence, dealing with one or the other type of ideals will 
not lead to essentially different conclusions. 

If {a{k))k and {b{k))k are real sequences, we denote a{k) -< h{k) when 
there exists C > such that a{k) < Ch{k) for all A; G N. Also, we denote 
a{k) X h{k) when a{k) -< b{k) and h{k) -< a{k). 

3 Lorentz spaces 

Our aim in this section is to give the proof of Theorem 11.11 Let us recall 
first the definition of Lorentz spaces; further details and properties can be 
found in [TSl Section 4.e] and [121 Section 2. a]. Let iw{k))'^^ be a decreas- 
ing sequence of positive numbers such that w{l) = 1, \iuikw{k) = and 



YlT=i'^i^) ~ ^^- Then the corresponding Lorentz sequence space, denoted 
by d{w,p) is defined as the space of all sequences {x{k))k such that 

/ oo . l/p . OO .l/p 

\\x\\ = sup ^ \x{TT{k))\Pw{k) =[Y. \x*{kWw{k) < oo 

where Ej^ denotes the group of permutations of the natural numbers. Each 
d{w,p) is clearly a symmetric Banach sequence space. 

The sequence w is said to be a-regular (0 < a < oo) if tt;(A;)" x i "^j^i w{j)°' 
and regular if it is a-regular for some a. 

In [52] it can be found that d{w,p) is r-convex (and M.^^''{d{w,p)) = 1) when- 
ever 1 < r < p. Also ^22j Theorem 2] shows that, for p < s < oo, d{w,p) is 
s-concave if and only if w is -^ — regular. It is non-trivially concave if and 

s p 

only if w is 1-regular. 

In [ll] and [18] a description of d{w,p)* , the dual of d{w,p), is given as 
the space of those sequences x such that there exists a decreasing y G Bi , 
with 

sup ^^=i^^(^) <oo 

for p > 1. The norm in d{w,p)* is the infimum of the expression above over 
all possible decreasing y (^ Bi ,. For p = 1, 

d{w,iy = ix: ||x||=sup^^^i^^<oo].. 

If w is regular, an easier description of d{w,p)* with p > 1 can be given. 
In this case we have in [2] and [23] that 

The £p' norm of this sequence is a positive homogeneous function of x which, 
although not a norm, is equivalent to the norm in d{w,p)* (see [23^ Theorem 



Lorentz spaces d{w,p) are reflexive whenever p > 1 [1S\ Sect 4.e]. If 
p = 1 the predual of d{'w, 1) can be described as (see [2H[T3] ) 

d,{w,l) = lxeco: lim^^^i^^ = ol 

with the norm ||j;|| = supiu ^nr^— ttt- 

Efc=i"'(fc) 



Let us recall that, given a strictly positive, increasing sequence ^ such 
that ^(0) = 0, the associated Marcinkiewicz sequence space m^ (see [HI 
Definition 4.1], also [SlllS]) consists of all sequences {x{k))k such that 

INU=-p^i^^^<oo. 

In order to prove part (a) of Theorem ll.ll we make use of a general result. 
Let us recall first that if £J is a symmetric Banach sequence space, its n- 
concavification i?(„) (see ^9\ Section l.d]) is defined as the set consisting 
of those sequences {z{k))k so that {\z{k)\^'"')k € E. On i?(„) we can define 
a symmetric quasi-norm by ||2;||£', , = ||(|-z(^)n")fc|ll;- This quasi-norm 
verifies the "monotonicity condition" : if z G C^ and w € i?(„) are such that 
\z{k)\ < \w{k)\ for all A; € N then z € £'(„) and H-zH^, > < ||i(;||£;, , . If E is 

n-convex and NL^^'{E) = 1, then || • ||_E(„) is actually a norm and &„) turns 
out to be a symmetric Banach sequence space. 

We can now give the result we need. This could be deduced from a 
result on orthogonally additive polynomials on Banach lattices given in [3l 
Theorem 2.3]. However, in our setting (symmetric Banach sequence spaces) 
it is easier to give a direct proof. Note that the Kothe dual is by definition 
the set in which we have some Holder inequality. In ^ we aim to an n- 
linear Holder inequality; it is no surprise then that the Kothe dual of i?(„) 
appears. 

Lemma 3.1. Let a € ioo and E be a symmetric Banach sequence space, 
then ^ holds if and only if a G {Ei^\)^ and the best constant in ([2]) is 

Proof. Let a satisfy ([2]); then there exists C > such that for every x € E, 

oo 

I ^ a(A;)a;(A;)" < C||x||". 
fc=i 

This implies that ^^ a{k)z{k) is finite for every z G ^(n) hence a S {Ei^\)'^ 
and ||a||(£;(„))x < C. 

On the other hand, if a G {Erjy\)^ let us take xi, . . . ,Xn (z E. Note first 
that the inequality 

{\xi{k)\ . . . K{k)\y/- < i^iWi + --- + M^)i (4) 

n 

implies that [{xi{k) ■ ■ ■ Xnik))^'"') j^ G E and then z := {xi{k) ■ ■ ■ Xn{k))j^ G 
i?(„). As a consequence of dH we have ||-z||£;, , < Hxijls • • • ||x„||£;. Therefore 



N N 

E 

fc=i fc=i 



a{k)xi{k) ■ ■ ■ Xn{k)\ < >^ \a{k)xi{k) ■ ■ ■ Xn{k)\ 

k=l 
< ll«ll(i?(„,)- II^IU(„) < ll«ll(S(„))x W^iWe ■ ■ ■ \\Xn\ 



holds for every A^. Thus ([2]) is verified with C = ||«||(_E(„))x and this com- 
pletes the proof. D 

The last inequality in the previous proof can be seen as an estimation 
of the norm of a multilinear form. Let us say that a multilinear form T on 
a sequence space E is called diagonal if there exists a sequence a such that 
for every xi, . . . ,Xn € E 

T{xi,...,Xn) = y^^ a{k)xi{k) ■ ■ ■ Xnjk). 

k=l 

In this case we write T = T^. With this terminology, Lemma [3.11 states that 
diagonal n-linear forms on E correspond to sequences a G (-E(„))^ and 

ll^all = l!a||{E(„))x- 

The n-homogeneous polynomial associated to T^ is also called diagonal 
and is denoted Pa- 

Remark 3.2. We observe in ^ the general relationship between the norms 
of a polynomial and its associated symmetric n-linear form. For diagonal 
forms and polynomials defined on a symmetric Banach sequence space E the 
situation is different. It is proved in the previous lemma that, if xi, . . . , x„ 
are in E then ((xi(A;) • • • 2;„(fc)) ) , also belongs to E and 

||((xi(fe)---x„(A;))^''")^||" < ||xi||...||x„|l 

Then, the norm of any multilinear diagonal form on E coincides with the 
norm of its associated diagonal polynomial, that is \\Ta\\ = \\Pa\\- 

Lemma 13.11 provides an abstract characterization of the sequences a 
such that inequality ^ is verified. However, the Kothe dual of the n- 
concavification of E is not always the simplest way to obtain an explicit 
description of such sequences. Therefore, in some cases we will use different 
approaches. 

Now we prove our first theorem. 

Proof of Theorem 11.11 

For the statement (a), since n < p, the n-concavification of d{w,p) is the 
space d{w,p/n). Then Lemma |3. II gives the conclusion. 

For the statement (b), let a and C > satisfy ([2]) with E = d{w,p). 
For any fixed N £ N, let Jat C N be such that \Jn\ = ^ then for any 
Ai,... ,A„ G C with |Afc| = 1, 

TV , 

I j; a{k)Xl < C\\ Y, Xue, ] = c( ^^^.(A:))" '. 

k£jM k^Jr-i k=l 



^N 



Choosing Afc and Jn so that X^fceJ '^fc'^(^) ~ Ylk=i Q^*(^) we get, for any 



Thus, aem<i,, with ^{N) = ( Ylk=i w{k)Y'^ . 

For the reverse inclusion, let a € m^. Without loss of generality we 
can assume a = a* . Let us consider the diagonal n-linear mapping T^ '■ 
d{w,p) X • • • X d{w,p) — > C. By Remark 13.21 Ta is continuous if and only if 
the associated polynomial Pa ■ d(w,p) — > in is continuous, and their norms 
are equal. First of all 

oo oo 

\Pa{x)\ = \j2a{k)x{kr\ <^a(fc) x*(fc)". 
fc=i fc=i 

If we prove that 

N N , 

^a{k) x\kT < i|a|U^(^u;(fc) x^(fcf )" " (5) 

fc=l k=l 

holds for every A^, then we will have |Pa(a^)| < ll'^llm* ll^lld(«, p) ^"^^ ^^^ 
result will follow. 

We can assume that x = x* . By the definition of m\j, we have 

TV N-1 i N 

Y, a{k)x{kr = E ( E «(^)) (^(^)" - ^(^ + 1)") + ( E «(^)) ^(^)" 

k=l i=l k=l k=l 

N 

< ll«IU* E ^W(^«" - ^(i + 1)") + ||a|U*^(A^)x(iVr 



i-l 

N 

|a ^ 

i=2 



^(l)x(ir + ^ (*(i) - ^(i - l))x(if 



To obtain ([5]), we need to prove that for every N, the following inequality 
holds: 

N N I 

_ — , / ^ — - \ n p 

^{l)x{lT + Y{^{i)-^{i-l))x{iT <[Y,w{k) ^kf) ■ (6) 

j=2 fc=l 

We proceed by induction. For A^ = 1, the inequality is obvious. By the 
induction hypothesis we have 

N+l 

'^(l)x(l)" + ^ (^(i) - ^>{i - l))x{iT 

i=2 

^ nl 

< (^Y.w{k) x{kyy''+{^{N + l)-^{N))x{N + l)''. 

k=l 



We want to show that the last expression is at most ( Ylk=i ^(^) x(kY) 
Equivalently, we have to prove 



.fc=i 

Consider the increasing function 4>{t) = {t + w{N + 1))"/p — t"/P (recall that 

' x{k) ' 
_x(7V+l), 

N N 




n > p). Since x is decreasing, Ylk=i w{k) < "^^^i w{k) ( ^/^ A-) ) • Hence 



x{k) 



fc=i fc=i ^ ^ 

but this is exactly what we want in ([7]). This gives ([6]), hence ([5]) holds and 
the result follows. 

If in addition w is n/(n — p)-regular, then it is easy to see that m^j is 
isomorphic to ioo- This completes the proof. D 



Remark 3.3. It is known (and can be deduced, for example, from [15^ 
Lemma 3.3]) that mq, is isomorphic to the dual of a Lorentz space d(W, 1) 
for some sequence w, understanding d{W, 1) = £i ifw is not a null sequence. 
In some cases, the sequence w can be determined. For example, for 
w(k) = ^{k) - ^{k - 1), we have 

If iv is decreasing, we obtain that ^ holds for E = d{w,p) if and only if a € 
d{w, 1)*. Moreover, there are universal constants An, Bn (not depending on 
a) so that the best C > in ([2]) satisfies ^n||a|U(iB,i)* ^ C < -B„||a||^(^g_i)*. 

If w is regular (i.e., 1-regular) and the sequence w{k) = "^ j^ — is 
decreasing we get another description, namely m-qt = d{w,l)*. Indeed, by 
the mean value theorem 

m{k) - ^{k - 1) = -z{kT'P"^w{k) 
P 

for some X]i=i ^(i) ^ ^(f^) ^ Ylj=i'^iJ)- But Ej=i tf (j) >i kw{k) and 
J],Z]^ w{j) X (A; — l)w{k — I) > {k — \)w{k) >- kw{k). So we have z{k) x 
{kw{k)). Consequently, w{k) >c {kw{k))'^'P~^w{k) = w{k) and, since {w{k))k 
is decreasing, we have that m^ = d(t(}, 1)*. Hence, in this case, ^ holds if 
and only if a G di^ui, 1)*. 

Note that w{k) x ■w{k) if and only if w is regular. Also, if either w or w 
is decreasing but does not converge to zero, then the corresponding Lorentz 
space d{-,l) is in fact ii and then its dual is ^oo- 

10 



In the following example we apply our results to the Lorentz sequence 
spaces ip^q. For the particular case q < n < p, this example shows that the 
regularity condition in part (b) of Theorem 1 1 . 1 1 is sharp: for any r < n/{n—p) 
there are r-regular sequences w so that ([2|) does not hold for some a E f oo 
and E = d{w,p). 

Example 3.4. Special cases of Lorentz sequence spaces are the ip^q spaces. 
For p > q > 1 these spaces are defined as 



^P.9 



X : \\x\ 



{x*{k))i\^/g 






fc=i 



The space £p^q is the Lorentz sequence space d{w,q) with w{k) = k'^'^^^. 
We apply the above results to these particular spaces. By part (a) of 

Theorem 11.11 we obtain for n < q, that ^ holds for E = ip^q if and only if 

a G {ip 9.)*. 

If n > p, since £p^q ^^ in, we have that ([2]) holds if and only ii a G £oo- 
Finally, for q < n < p we can apply part (b) of Theorem II. 1[ However, 

since w is regular and w{k) = ^ "* ^ — = A;"'^"^ is a decreasing sequence. 
Remark 13.31 gives that ([2]) holds if and only if a G d{w, 1)* = {ip i)*. 

n ' 

It is easy to check that the sequence {k'^''^~^)k is r-regular if and only if 
r < p/{p — q)- Therefore, for any r < n/{n — q) we can find p > n such that 
r < p/{p — q)- In this case, the sequence associated to £p^q is r-regular but 
([2]) does not hold for some a € £oo- 

4 Duals of Lorentz spaces 

We give now the proof of Theorem ll.2[ We have seen in Section [3] that using 
n-linear diagonal forms can sometimes be helpful. In the same spirit, an 
operator D G ^{E; F) between Banach sequence spaces is called diagonal 
if there exists a sequence a such that D{x) = {(y{k)x{k))'^^^; in this case we 
write D = Dfj. Some relationship between diagonal operators and diagonal 
n-lineal forms is shown in the following lemma, that we will need later. 

Lemma 4.1. Let E he a symmetric Banach sequence space and T^ : E x 
■ ■ ■ X E ^ C a diagonal n-linear form. Let D„ : E ^ in be the diagonal 
operator associated to a = q^'" (coordinatewise) . Then T^ is continuous if 
and only if D^ is continuous and 

\\T II — IID 11" 

ll-'a II — W-'-^cr II • 

Proof. If Pa is the n- homogeneous polynomial associated to T^, by Re- 
m ark [3^21 we have that \\Ta\\ = \\Pa\\ ^ ll^o-ll"- 



11 



On the other hand, if |A(fc)| = 1 for all j, then ||(A(A;)x(A;))a;||£; = ||a^||_E 
and 

oo oo 

||r„|| > sup |^a(/t) x(A;)" = sup ^ |a(fc)| |2;(A:)1" = ||D<,r. 



l|a:|lE<l 



fe = l ll^llB<lfc = l 



D 
Now we are ready to proof our theorem for duals of Lorentz spaces. 

Proof of Theorem 11.21 

Part (a) follows from Remark 12. II and the fact that d(w,p)* is n-concave if 
and only if d{w,p) is n'-convex and this happens if and only if 1 < n' < p. In 
this case we have that the n-concavity constant M(-„\ {d^w, p)*) is 1. Since the 
norm of a diagonal multilinear form coincides with the norm of its associated 
polynomial, the best constant is ||a||oo- 

To get part (b), let us take a G £oo and a = a^'"". If D^j : d{w,p)* — > in 
is the diagonal operator associated to a and D'^ : in' -^ d{w,p) is the adjoint 
operator, we want to show that 

\\-L>rT\\ = \\Oi\\ I ■ (O) 

II f7 II II II n' \ / 

d(ty"'-P,-^ ) 

^ p —71 ' 

If this is the case, then by Lemma 14.11 

ll„, II II n' II" II n H" llT^ II 

d{w"'-P ,-f^) 



and for every xi, . . . ,x„ G d{w,p)*, 
\y2a{k)xi{k) ■ ■ ■ Xnjk) 



< ||a|| _n!_ , ||2;i|| ■ ■ ■ ||xn||. 

^ p' —n ' 

n' 

Hence, ([2]) holds if and only if a € d{w'^'~p , -Jh^) and the best constant is 
the norm of a in this space. Let us then show that ([8]) holds. First, 

\\D',{x)\\ = \\{a{k)x{k))khi^^,^ = s^iP (Y.\ai7rik))'/^xi7rik))\''wik)y^'. 
Using Holder's inequality with n' /p and n' /{n' — p) we obtain, for each 

Y, \a{T:{k)f'''x{-K{k))\''w{k)y'^ 
k 



(5^|:r(vr(A;))r') " [Y\a{n{k))\V^w{k)^- 
k k 

I I r> —n 

( sr-^ P , \ ',. 
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Hence ||-D^|| < ||a|| ^^, . Let us see now that this value is attained. 

d(u)"'"P ,-^ — ) 

Since all the involved spaces are symmetric we can assume without loss of 
generality that a = a* . Then let us consider 

p 1 

a(fc)("'-p)"t(;(A;)"'-p 



l/n' 

J2i=i "^C^) '''"" '^i'^) "'"'^ 



for A; = 1, . . . , A^. It is easily seen that ||(a;Ar(fc))^^]^||^ , = 1 and 

N 



n' -^ 1/p-l/n' 
' -p 



l/n 



fc=l 

AT 



^a(A;)e 



fc=i 

^iV /,N ||l/n 



d(«;"'-P,-^) 



Therefore || X]fc=i '^(^)^i|| n' ^ ll-^all fo^ ^-^l -^ ^^*i the result fol- 

lows. 

Statement (c) follows similarly. D 

5 A general approach 

We have seen in Sections O and H] that considering diagonal n-linear forms 
helps in proving Holder- type inequalities. In fact, if in ([2]) we take the 
supremum over ||a;i||£;<l,i = l,...,n then we have that the best constant 
in ([2]) is precisely ||rQ,||. We see that our problem is closely related with 
determining the norm of diagonal n-linear forms. This sits very much in the 
philosophy of considering norms of diagonal multilinear forms in different 
ideals presented in ^ |5] and motivates us to broaden our framework. 

Following [T7] for the linear case and for the multilinear case, if 21 is a 
Banach ideal of multilinear mappings we consider, for each n € N, the space 

With the norm ||a||^„(2i,£;) = ||^Q||a("_B) this is a symmetric Banach sequence 

space whenever E is so. 

If ££ denotes the ideal of all multilinear forms, then ([T]) can be rewritten as 

a^,£,)i^- ifl<P<n 

ylpl{p-n) if n < p < CX) 
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and our results Theorem 11.11 and 11.21 can be summarized as 



I m,j, 11 n> p 



\i n' <p 



£n{^,d{w,pr) = 



-oo 



d^w^'-p, f_ ) \i n' > p > 1 
d(u;",l) ifp = l 



where ^(A^) = (X^^-^iW^O)) • If n > p and w is n/{n — p)-regular, then 

ln{-^,d{w,p))=l^. 

Our aim in this section is to obtain descriptions of (.n{^-,d{w,p)) and 
£ri(2l, d(w;,p)*) for ideals other than ^. We will make use of some general 
facts. If £■ is a Banach sequence space, we consider the mapping <I>7v '■ 
En X • • • X En — > C given by 

N 



$Ar(a;i,...,x„) = '^xi{k)---Xnik). 



fc=i 

Clearly ||$Ar||a(n£;) = Xi„(<2i,E){N). 

If F and G are symmetric Banach sequence spaces so that F ^^ G then 
we have, by the closed graph theorem, 

Xg{N) -< Xf{N). 

A weak converse of this fact can be obtained under certain assumptions. We 
need first a lemma. 

Lemma 5.1. Let F and G be symmetric Banach sequence spaces and sup- 
pose there exists a > be such that Xg{N) -< Xf{N)". Then, for all e > 

we have ( - — - — -—— ] G G . 

Proof. For each m G N U {0}, we define N^ = {/c G N : 2™ < /c < 2™+i} 
and 

Xm ^ / ^ e[k). 

Since G is symmetric, Hxmllc = Ag(2™') -< Xf{2'^)°'. Hence, 



; — XfYi G Cj. 

2™'^Af(2'")" 



Now, for k G N^, we have 1/k < 1/2"* and 1/Af(A;) < 1/Af(2'") and the 
result follows. D 
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Proposition 5.2. Let F and G be a symmetric Banach sequence spaces for 
which there exists < e < 1 such that Xg{N) -< Xp(Ny^'' . If F satisfies 
N -< Xp{N) for some 6 > 0, then we have F ^^ G. 

Proof. Let x a F. We can assume, without loss of generality, that x{k) = 
x*{k) is decreasing. Then 

k 

< \\x\\f- 



x(/c)AF(A;)<||^x(i)e 



F 



Now, \F{k) = XF{kyXF{k)^'' y k'^XFik)^''. Hence 

^ ^^ k^^XFiky-'' 

By Lemma EU x € G. D 

Note that the additional condition on the sequence space F is automat- 
ically satisfied whenever F or G have non-trivial concavity. The previous 
results can be reformulated to obtain information on the space ini^^E). 

Corollary 5.3. Let E, F and G be symmetric Banach sequence spaces and 
^ be a Banach ideal of multilinear forms. 

(a) IfF^ 4(21, S) ^ G, then Xg{N) -< ||$ivk(ni,) -< XpiN). 

(b) If there exists s > such that ||$7v||2i("£;jv) ~^ ^^fI-^)^"^ and F has 
non-trivial concavity, then F "^-> £„(2l, E'). 

(c) If there exists e > such that Xg{N)^^'^ -< ||<l>Ar||(j;(n£;^') and G has 
non-trivial concavity, then ini^^E) ^^ G. 

If 2t is a normed ideal of n-linear forms, the maximal hull 21™*^^ of 21 is 
defined as the class of all n-linear forms T such that 

||T||2lmax(£;^_,,,^£;^) :=SUp{||r |MiX---xAf„||2l{Mi,...,J\/„) : 

Mi C Ei, dim Mi < cx)} 

is finite. 21™''^ is always complete and it is the largest ideal whose norm 
coincides with |[ • ||2t in finite dimensional spaces. A normed ideal 21 is called 
maximal if (21, || • II21) = (Sl™'^^, || ■ Hsimax). Maximal ideals are those whose 
norm is uniquely determined by finite dimensional subspaces. 

It is a well known fact that the space of n-linear forms on a finite di- 
mensional space M can be identified with the n-fold tensor product (^" M* 
by identifying each tensor 71 ■ ■ ■ (8) 7n with the mapping (xi, . . . , Xn) -^ 
7i(xi) ■ ■ ■ 7n(xn)- Then the ideal norm induces a tensor norm rj on (^" M* 
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(the tensor product with this norm is denoted by (^""M*). By a standard 
procedure the norm r] can be extended from tensor norms in the class of 
finite dimensional normed spaces to the class of all normed spaces. In this 
case, the tensor norm r] and the ideal 21 are said to be associated. A de- 
tailed study of the subject and presentation of the procedure can be found 

in [71 El [HI El [E]. 

Given a normed ideal 21 associated to the finitely generated tensor norm 
a, its adjoint ideal 21* is defined by 

The adjoint ideal is called dual ideal in [9j. The tensor norm associated to 
21* is denoted by rj* . We also have the representation theorem J12t Section 
3.2] (see also [9i Section 4]): 

2t'^^"("^) = ((g);;.^)*. 

In particular, this shows that the adjoint ideal 21* is maximal. 

For a maximal ideal 21, the space ^„(2t, -E) coincides isometrically with 
£ri(2t, -E^^). This fact is a consequence of the following lemma, which we 
believe is of independent interest. 

Lemma 5.4. Let E be a symmetric Banach sequence space and^ a maximal 
Banach ideal of m,ultilinear form,s. Let T : E x ■ ■ ■ x E ^ C n-linear and 
suppose there exists C > such that, for every N G 'N, the restriction 
T^ to En ^ ■■■ X En satisfies \\T'^\\<n(nE^) < C. Then T G ^{"-E) and 
Il^ll2i("£;) < C. 

Proof. Since 2t is maximal, there exists a finitely generated tensor norm 
v such that ((^^-E)* = 2l("£'). Since £" is a symmetric space, both the 
inclusion i^v : En ^^ Eq and the projection ttn '■ Eq — > En have norm 1. 
These, together with the metric mapping property, give that the mapping 
'S)u ^N ^-> (S)" -^0 is an isometry onto its image. 

Let now s € (^" E^; then s G (^" En for some N and 

\T{s)\ = |r^(s)| < C u{s,^''En) = C i/(5,(g)"i?o). 

Hence TI^^^^q G ((S)"-^o)*- Since ^^ Eq is dense in (^"-E, by the Density 
Lemma [71 "13.4], T G ((g)" E)* = 2l("E) and \\T\\^(^e) <C. D 

The previous lemma also holds if E^ is a Banach space with an un- 
conditional basis with constant K. Indeed, in this case ||7rjv|| < K, and 
u{s, (g)" Eq) < u{s, (g)" En) < K"z^(s, (g)'' Eo). Then \\T\\^(^nE) < C K". 
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Proposition 5.5. Let E be a symmetric Banach sequence space and 21 a 
maximal Banach ideal of multilinear forms. Then 

Proof. Since E is contained in E^^ with a norm one inclusion, it is imme- 
diate that in{^,E^^) C in{^,E) (with norm one inclusion). 

Conversely, let a S £„(2l, i?). For each A^, ||r^||2i(n£;jv) ^ Il^«ll2t{"£;)- 

Since En = (E^)^^ = (-E^^)Ar, we have ||r^||2i("(£xx)jv) ^ Il^all2t{"£)- By 
LemmaEm Ta belongs to 2l("i?^^) and ||TQ,||2[(n£;xx) < ||T'Q,||2i(n_E'). □ 

The ideal ^ of all multilinear forms is obviously maximal; then by The- 
orem [L2](c) we have the following reformulation of j20j, Theorem 2.5] 

en{^,d,{w,l))=d{w'',l)- 



Let us recall the trace duality between 21* ("'E'^) and 2l("£'Ar). Suppose 
T G 21* (""-E^) can be written as a finite sum of the form 

j 
and S G ^C'En) is of the form 

i 

Then, the duality is given by 

{T,s) = Y;^YM)---ji{xi) 



i,j 



(9) 



The following finite dimensional identifications are easy to check. These 
will enable us to prove a duality result in the proposition below. 

£n{%EN) = [U%E)]N (10) 

^{""EnT = 2t*("^;^) = 2i*("^;^) (11) 

£n{%E)^=£n{%ENr =4(2l*,S;^) = 4(2t*,^^)^ (12) 

Proposition 5.6. Let E be a symmetric Banach sequence space and 21 a 
Banach ideal of multilinear forms; then 

en{%E)'< lini^^E'^). 
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Proof. Let us take first a £ in (21, E) ^ ; then the associated n- linear form T^ 
is defined on the space of finite sequences in £'^. Moreover, using (J12p . we 
have 

By LemmaEH a belongs to ^„(2l*,i?^) and ||Q;||^^(a*^£;x) = ||21i||2i.(n^x) < 
ll«ll£„(a,_B)x- 

We take now a £ ^„(2t*, E^) and a norm one /? G ^n(2l, E'). For each j, 
let /3(j) be such that a{j)(3{j) = [a(j)/3(j)|. Then, by symmetry and ([9]) 

TV TV 

And this completes the proof. D 

By applying Proposition 15.61 to the adjoint ideal and to the Kothe dual 
of E and Proposition 15.51 we get 

isometrically. Therefore, if 21 is maximal we immediately have 

in{%E)=ini^*,E' 



,f* T7X\X 



In view of Proposition 15.61 we can use Theorem 1 1 . 1 1 and Theorem 11.21 to 
get results on ideals other than ^. Let us recall that T £ ^{^E) is called 
nuclear if there are sequences (71,^)^, • • • , {nn,k)k in E* with ||7j,fc|| < 1 for all 
k and i = 1, . . . , n and there is {X{k))k G ii so that for every xi, . . . ,Xn £ E 

T{xi, . . . , x„) = ^ X{k) ■ 7i,fc(xi) • • • 7„,fc(x„). 
k 

We denote by c/K the ideal of nuclear forms. The nuclear norm is de- 
fined as the infimum of ^^ ll^(^)llll7i,A:|! ■ • • ||7n,A;|| over all possible represen- 
tations. 

A mapping T £ ^(^E) is called integral if there exists a positive Borel- 
Radon measure /U on Be* x • • • x Be* (with the weak*-topologies) such that 

T{xi,...,Xn) = / 7l{xi) ■ ■ ■ Jn{Xn) d^iji, . . . ,Jn) 
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for all xi, . . . ,Xn (^ X (see [71 4.5] and [T]). The ideal of integral multilinear 
forms is denoted hy J^. It is well known that ^* = J" . We then have 



r d{w^,\) 



in{J^,d{w,p)) = < 



k «1 



if p = 1 



d{w'^^'~^ , -r-^)* if 1 < p < n' 



if n' < p 



U'^,d{w,pT) = 



fn^ = {m\)* if 1 < p < n 



d{w,p/n) 



ii n < p 



Here m^ denotes the subspace of order continuous elements of m^, and 
verifies {m^)** = m^ (see [H]). The equality m^ = (m^)* follows from the 
proof of ||15[ Theorem 3.4]. 

Whenever a space E is reflexive or has a separable dual, nuclear and in- 
tegral mappings on E coincide. Therefore, for 1 < p < oo, Ini--^ , d{'w , p)) = 
en{^,d{w,p)) and in{J^,d{w,p)*)=en{^,d{w,p)*). Also,£n{^,d,{w,l)) 
£ri(^,d*(w, 1)) = ini^y , d* (w , 1)) (the last equality follows from Proposi- 
tion [53]). 

By Remark 13.31 for p < n, Ini'-^ ■,d{w,p)*) can be identified isomorphi- 
cally with d{w^ 1)** for some w. Moreover, lip < n and w is n/(n— p)-regular, 
then ln{^,d{w,p)*) = li by TheoremO 

Remark 5.7. We have already mentioned that ||^Ar||2i("£;) = '^£„(2i,£;)(-^) 
always holds. Therefore, all the previous results immediately give estima- 
tions for the usual and the nuclear norms of $7v (the nuclear and integral 
norms of <l>Ar always coincide). 

Moreover, these estimates have an immediate tensor counterpart, since 
' and ||5>Ar|l /Ki-^K^ = II 2^,- 



1$ 



nW^C^e) 



EJV 
3 = 



I-;-' 



A^ll^("£;) 



^i=i "^i 



e'- • • • 



norms). 



(e and vr denote respectively the injective and projective tensor 
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